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1 
 
Abstract—A Partitioned Stator-Flux Reversal Permanent 
Magnet Machine (PS-FRPMM) is a new combination of a stator 
PM machine and a magnetically geared machine and has the 
specifications of both machines in terms of robust structure and 
torque density. In this paper a comprehensive 2-D analytical 
model is developed for PS-FRPMM based on subdomain 
technique. The presented model has the capability to accurately 
and quickly investigate the effects of design parameters on the 
machine performance. The 2-D analytical model is evaluated on 
two case studies with 12 stator teeth and 10 rotor poles, and 18 
stator teeth and 13 rotor poles, with four different magnetization 
patterns. The influences of various design parameters such as the 
rotor slot width, slot opening width and the segment ratio of the 
PMs in the 2-segment magnetization pattern have been 
investigated on the quantities such as the instantaneous torque, 
torque ripple, Unbalanced Magnetic Force (UMF) and 
Electromotive Force (EMF). For evaluating the presented 
analytical model, 2-D Finite Element Method (FEM) with and 
without saturation effects has been used. The comparative study 
between the analytical and numerical models shows good 
agreement. Finally, a 3-D FEM has been used and the results of 2-
D analytical model and 3-D FEM are compared in term of the 
accuracy and computational time. The results show that the 
presented model has lower computational time compared to the 2-
D and 3-D FE method, while its accuracy is acceptable under 
different circumstances such as saturation. 
 
Index Terms— Analytical model, Maxwell equations, 
Separation of variable technique, Sub-domain technique 
I. INTRODUCTION 
ARTITIONED stator machines are a new generation of 
electrical machines in which the stator is split in two parts 
(PM stator and armature stator). These machines originated 
from a combination of the Flux Switching (FS) [1-2] and 
magnetically geared machines [3-5] and they offer the 
advantages of both machines. Therefore, a partitioned stator 
machine is a high performance electric machine with overload 
protection and high torque density per copper losses. They can 
be used in many applications such as power generation and 
electric propulsion [6,7].  
Different kinds of PM stator machines are shown in Fig. 1. 
In the concepts of Flux Reversal (FR) (Fig. 1 (a)) [8], Switched 
Flux (SF) (Fig. 1 (b)) [9] and Doubly Salient (DS) (Fig. 1 (c)) 
[10] machines, stationary PMs are used, respectively, on the 
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stator pole-shoes, between the stator teeth and in the stator 
yoke. These machines have a robust structure which makes 
them suitable for high-speed applications. Other configurations 
of stationary PM machines are Partitioned Stator (PS) 
machines, inspired from conventional stationary PM machines, 
e.g. FR, SF and DS, and magnetically geared machines. This 
paper focuses on partitioned stator-flux reversal permanent 
magnet machines (PS-FRPMMs).  
This machine has two stators: one for the armature winding 
and the other for PMs. A salient rotor is located between the 
two stators. By separating the armature winding and stationary 
PMs, the space for the PM and armature winding increases, the 
motor copper losses decrease, heat is easily dissipated, PMs are 
kept away from the winding high-temperature zone, and the risk 
of the PM demagnetization is reduced. Consequently, PS-
FRPMM compared with the conventional FRM and 
conventional PM machines, shows better performance and 
higher torque density per copper losses [1,2], [6,7], [11-17].
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Fig.1.  Classification of electric machines with stationary PMs [7]. 
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2 
The analyses of the performance of PS machines have been 
done in [6,7], [11], [16,17]. PS machines are compared with 
stationary PM machines [7], [11, 12] with different magnet 
topologies [13,14] and different winding configurations [15] 
based on finite element analyses and prototype. 
FEM is among the widely used techniques to analyze any 
electromagnetic system. Although FEM is accurate and 
complex geometries and nonlinearity can be incorporated by 
this method, it has normally higher execution time compared to 
the analytical methods [18].  
This drawback can be solved by using analytical methods. 
The sub-domain method, which is the most accurate method 
among 2-D analytical models, is based on the analytical 
solution of Maxwell’s equations in 2-D coordinate system [18-
43]. 2-D analytical model is not only fast but also gives physical 
insight to the problem. 
Various 2-D analytical models have been presented for 
different types of electrical machines such as rotary with inner 
rotor [18,22,23,25], [27-40] or outer rotor [21,24,41], planar 
[42] and axial machines [43], to obtain electromagnetic 
quantities such as electromagnetic torque or force, inductances, 
induced voltage and core losses [21,29,31,39]. In some papers, 
the presented 2-D analytical models are employed to optimally 
design an electric machine [23, 32,35]. 
It is noteworthy that although the basic principle of 2-D 
analytical models is similar in all electromagnetic devices, the 
general/particular solutions in each sub-domain and the 
resultant equations from imposing the boundary conditions may 
vary from case to case. As example, the geometry of the 
presented machines in [4,5], and [19,20] may have similarities, 
but actually they have basic differences in number of sub-
domains, geometry specially rotating parts and number/kind of 
the boundary conditions which are the basis of this method. 
The main contribution of this paper is the development of a 
2-D analytical model for PS-FRPM machines with inner 
surface mounted PMs, with four types of magnetization 
patterns. To the best of authors’ knowledge, this 2-D analytical 
model is not presented in the literature. 
Based on the magnetic field calculation, the mutual torque, 
cogging torque, reluctance torque, unbalanced magnetic force, 
EMF and inductances are computed. The analytical results are 
compared with those of 2-D FEM to evaluate the accuracy of 
the proposed analytical model and the execution time in each 
method is presented. Then the effects of different rotor slot 
widths, stator slot-opening widths and segment ratios of PMs in 
the two-segment magnetization pattern, on the instantaneous 
torque and torque ripple are investigated. Also the effects of 
saturation on the instantaneous torque are investigated. 
This paper is organized as follows: in section II, the machine 
topology and operation is explained. Sections III and IV are 
dedicated to the 2-D analytical model and calculations of the 
quantities. The results are presented in section V and VI, then 
discussed in section VII. Finally, the paper is concluded in 
section VIII. 
 
II. STRUCTURE AND OPERATION OF PARTITIONED 
STATOR MACHINES 
A. Structure 
PS-FRPM machines have two separate stators: e.g. an inner 
stator including PM poles and an outer stator accommodating 
the armature windings. The rotor of PS-FRPM machines 
consists of iron poles, which is sandwiched between the two 
stators, as shown in Fig. 2. Also, the number of PMs are equal 
to the number of the stator teeth and the edge of the north pole 
and south pole of the PMs have been adjusted to be aligned with 
the middle of the outer stator teeth. The number of rotor pole 
can be any integer number except the phase number and its 
multiples [17]. 
B. Operation principle 
The operation principle of PS-FRPM machines is to some 
extent similar to coaxial magnetic gears [3-5] or magnetically 
geared brushless PM machines [7,16]; their function is based 
on the modulation of the magnetic field by the iron-poles. 
Hence, in order to develop the maximum electromagnetic 
torque, the number of PM pole-pairs (P), the number of rotor 
iron poles (
rN ) and the number of armature pole-pairs ( sP ) 
must obey the following relation [4]: 
Also the relation between the electromagnetic torque 
produced by the armature winding ( sT ), transmitted torque to 
the rotor ( rT ), number of rotor poles ( rN ), number of armature 
winding pole-pairs (
sP ) and rotational speed of the rotor ( r ) 
in RPM and rotational speed of the armature field ( s ) is as 
follows: 
sr r
s s r
T N
T P


    (2) 
s rP P N   (1) 
 
Fig. 2.  Flux reversal Partitioned stator machine with inner stationary PMs. 
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3 
Hence the required armature winding frequency (f) to 
achieve predefined rotational speed of the rotor will be obtained 
as follows: 
120
2 60
s s
s
s
Pf
f
P

      (3) 
Therefore, from (2) and (3): 
60
r rNf

   (4) 
III. 2-D ANALYTIC MODEL  
The procedure of extracting the 2-D analytical magnetic 
model for electric machines is summarized in Fig. 3. 
 
Each step is explained in the following sub-sections.  
A. Assumptions and geometry 
The following assumptions are made: 
1) The end effects are neglected.  
2) Ferromagnetic parts including the inner and outer stator 
back irons, stator teeth, and rotor pole-pieces have infinite 
permeability. 
 
According to the geometry and materials, the whole problem 
is divided into six sub-domains as listed in Table I. 
 
 
1,2,..., ri N  , 1,2,..., sj N  where rN  and sN  are the 
number of  the rotor slots and stator slots respectively. 
As evident from Fig. 4, relations (5), (7) and (9) can be 
respectively expressed for the rotor slots, stator slots and slot-
openings: 
0
2
, 1,2,...,
2i
r r r r
r
i t i N
N
 
  

      (5) 
r       ,   2 /r rN   (6) 
0
2
, 1,2,...,
2j
s s s
s
j j N
N
 
 

     (7) 
s       ,   2 /s sN   (8) 
0
2
, 1,2,...,
2j
so so s
s
j j N
N
 
 

     (9) 
s        (10) 
 
where r  is the rotor angular velocity, t  is the time, 0r  is the 
initial rotor position, r  is the rotor slot pitch,   is the span 
angle of the rotor slots,    is the ratio of the rotor slot span 
angle and the rotor slot pitch, s  is the stator slot pitch,   is 
the span angle of the stator slots,    is the ratio of the stator 
slot span angle and the stator slot pitch,  is the span angle of 
the stator slot-openings, and    is the ratio of the stator slot-
opening span angle and the stator slot pitch. Also 
0s
 and 0so  
are the reference positions of slots and slot-openings as depicted 
in Fig. 4. 
B. Governing equations in each sub-regions 
The Poisson equations for the inner stator PMs, (11), and the 
outer stator slots, (12), and the Laplace equations (13) for the 
inner and outer air-gap sub-regions, stator slot-openings and 
rotor slots are obtained. 
 
2
0
2 2
1 1
m m m
mz z rA A Mr rM
r r r r rr



      
               
 (11) 
2
02 2
1 1j j
j
s s
sz z
r z
A A
r J
r r r r
 

  
   
    
 (12) 
21 1
0 , , , ,
2 2
x x
z z
i j
A A
r x ia oa r so
r r r r 
   
    
    
 (13) 
 
 
Fig. 3.  Procedure of extracting 2-D analytical model 
TABLE I THE DEFINITIONS OF SUB-DOMAINS 
No. Sub-domains Superscripts 
1 PM (Inner Stator) m 
2 Inner air-gap ia 
3 Rotor slots ri 
4 Outer air-gap oa 
5 Stator slot-openings soj 
6 Stator slots sj 
 
 
Fig. 4.  Graphical annotation of the presented machine 
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where 
zA and 
js
zJ are respectively the axial component of the 
magnetic vector potential and current density. Also, mrM and 
mM  are the radial and tangential components of the 
magnetization vector. 
C. Boundary and interface conditions 
The interface conditions at the boundary of any two 
neighboring sub-domains indicated by x and x+, are x xz zA A

and x xH H 
 , as listed in Table II. Also, Fig. 5 illustrates the 
boundary conditions in the rotor and stator slots. The relation 
between the magnetic flux density vector, ,B  and the magnetic 
field intensity vector, ,H  in the magnet region is as follows 
[39]: 
0 0r   B H M   (26) 
where M  is the magnetization vector. 
D. Extracting the Fourier series of PM magnetization pattern 
The magnetization vector in 2-D polar coordinates is as 
follows: 
m m
rM M  M r θ  (27) 
where r and θ  are respectively the unit vectors in the radial 
and tangential directions. Information of the four types of the 
magnetization patterns with the radial and tangential 
components have been represented in Fig. 6. The radial and 
tangential components of the magnetization vector are 
expressed by their Fourier series expansions, as follows: 
 
1
cos( ) sin( )m m mr r h r h
h
M M hP N hP 


   (34) 
 
1
cos( ) sin( )m m mh h
h
M M hP N hP   


   (35) 
where P is the number of the pole-pairs and h is the number of 
harmonics. It is required to determine mr hM  and
m
r hN , which are 
the Fourier series coefficients of the radial component of the 
magnetization vector. 
 
 
(a) 
 
 
(b) 
Fig. 5.  (a) stator slot and slot-opening with the boundary conditions; (b) rotor 
slot with the boundary conditions. 
TABLE II BOUNDARY AND INTERFACE CONDITIONS 
Sub-Region (x) Sub-Region (x+) Boundary/Interface condition Interface Applied range  
m 
Inner stator back 
iron 
( , ) 0mH r    imr R        (14) 
ia  
( , ) ( , )m iaz zA r A r   
iar R        
(15) 
( , ) ( , )m iaH r H r    (16) 
ia  
ir  ( , ) ( , )
iria
z zA r A r   
irr R  , 1,2,...,i ir r ri N        
(17) 
All the ir  
1
( , ) ( , )
r
i
N
ria
i
H r H r  

  (18) 
oa  
ir  
( , ) ( , )i
roa
z zA r A r   
oar R  , 1,2,...,i ir r ri N        
(19) 
(20) 
All the 
ir  
1
( , ) ( , )
r
i
N
roa
i
H r H r  

  
jso  ( , ) ( , )
jsooa
z zA r A r   
sor R  , 1,2,...,j jso so sj N        
(21) 
All the jso  
1
( , ) ( , )
s
j
N
sooa
j
H r H r  

  (22) 
jso  js  
( , ) ( , )j j
so s
z zA r A r   
isr R  , 1,2,...,j js s sj N        
(23) 
( , ) ( , )j j
so s
H r H r    (24) 
js  
Outer stator back 
iron  ( , ) 0
jsH r    os
r R  , 1,2,...,
j js s s
j N        (25) 
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Fig. 6. Four types of the magnetization patterns with their functions (a)Ideal Halbach (b) Two-segments Halbach (c) Parallel (d) Radial 
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Also mhM   and 
m
hN   are the Fourier series coefficients of the 
tangential component of the magnetization vector. 
cos( )
P
m m
r h r
P
P
M M hP d




 



   (36) 
sin( )
P
m m
r h r
P
P
N M hP d




 



    (37) 
cos( )
P
m m
h
P
P
M M hP d


 


 



    (38) 
sin( )
P
m m
h
P
P
N M hP d


 


 



   (39) 
where   is the reference position of the PMs. It is required to 
adjust the borderline between the north and south poles of the 
PMs to be aligned with the middle of the outer stator teeth as 
depicted in Fig. 2. The solution of each integral depends only 
on the magnetization pattern.  
E. Extracting the Fourier series of current density 
The current density in each slot (Fig. 7), can be represented 
as the following Fourier series expansion: 
0
1
cos( ( )j j j
j
s s s
v s
v
v
J J J

 



 
   
 
  (40) 
where  
0
jsJ , j
s
vJ are the Fourier series coefficients obtained as 
follows: 
0
( ) ( )1
( )
2 2
s j j j
j j
s j
s s
s s l r
z
J t J t
J t J d
 
 





   (41) 
( ) ( )1
( ) cos( ( )) sin( / 2)
/ 2
s j j j
j j
j
s j
s s
s s l r
v z s
J t J tv
J t J d v
v
 
 

   
  



    (42) 
where j
s
lJ  and 
js
rJ  are the current density of the left and right 
coil-sides in slot j at an instant of time. 
The current density in each slot depends on the winding 
configuration. In this investigation, the winding configuration 
is a two-layer concentrated type; i.e. two legs of two coils are 
placed in each slot, as depicted in Fig. 7. 
F. General and particular solutions of sub-regions 
By using the separation of variable technique, the general 
solution including particular solution for each sub-domain are 
represented in Table III where n, k, u and v are the harmonic 
number respectively in PM and air-gaps, rotor slots, slot 
opening and slot sub-regions. N, K, U and V are the 
corresponding maximum harmonic number in the 
abovementioned sub-regions.  
 
 
Also ˆˆ, , , ,ˆ ˆ
mmm m
n nn na c db 0
ˆˆ, , , ,ˆ ˆ
iaiaia iaia
n nn n
a a c db , 0 0 ˆ, , , ,ˆ
i i i ir r r r
k k
a b a b
ˆ ˆ, , ,ˆ ˆ
oa oaoa oa
n nn na cb d , 0 0 ˆ, , ,ˆ
j j j j
so so so so
u u
a b a b 0 0 ˆ, , , ,ˆ
j j j j
s s s s
v v
a b a b are the 
integral coeffcients and must be determined by using the 
boundary/interface conditions. 
The particular solution of the PM sub-domain, as shown in 
(44), is obtained by substituting the defined particular solution 
in (11). Finally 
1( )nK r  and 2 ( )nK r are obtained in terms of the 
Fourier series expansion of the magnetization components as 
follows: 
 
 
 
0
2
1
0
1 1
, , 1,2,3,...
1( )
ln( ) , 1
2
m m
h r h
n
m m
r
M hP N
r n hP h
nk r
M N r r n P




 
  
  

   

 (51) 
 
 
 
0
2
2
0
1 1
, , 1,2,3,...
1( )
ln( ) , 1
2
m m
h r h
n
m m
r
N h P M
r n hP h
nk r
N M r r h P




 
  
  

   

 (52) 
Also, in order to determine 0 ( )K r and ( )vK r  in the particular 
solution of the slot sub-domain, it is necessary to substitute (50) 
in (12); then instead of 
js
zJ  in (12), the Fourier series expansion 
of the current density in each slot is substituted. Therefore, 
0 ( )K r and ( )vK r  are obtained as follows: 
20
0 0( )
4
j js s
rK r J r



  (53) 
2
0
2
( )
( ) 4
j js s
r v
v
J r
K r
v
 




 
(54) 
G. Obtaining integral coefficients 
To obtain the integral coefficients, the boundary/interface 
conditions listed in Table II, along with (55) [5], are required. 
2 2
0 0
1
r
i
iria
N
rm
r Rr R
i
H d H d
 
  


    (55) 
The resulted equations, after imposing the boundary /interface 
conditions are given in the appendix. 
IV. CALCULATION OF QUANTITIES  
A. Air-gap flux density 
From the analytically calculated magnetic vector potential in 
each of the sub-domains, the radial and tangential components 
 
Fig. 7. A stator slot and the current density in a specific time 
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of the magnetic flux density vector can be analytically 
computed using the following relations: 
1
( , ) zr
A
B r
r





  (56) , ( , ) z
A
B r
r
 

 

(57) 
For the sake of brevity, only the radial and tangential 
components of the magnetic flux density vectors in the inner 
and outer air-gap sub-domains are represented in (58)-(61). 
B. Electromagnetic torque 
The developed instantaneous electromagnetic torque can be 
computed using the Maxwell stress tensor that consists of the 
mutual, cogging and reluctance torque components. 
22
1
1 1
0 0
( , ). ( , ).ia iamin r m m
LR
T B R B R d

  

 
 
(62) 
22
2
2 2
0 0
( , ). ( , ).oa oamout r m m
LR
T B R B R d

  

 
 
(63) 
where 
inT  and outT  are respectively the part of the developed 
torques in the inner and outer air-gap sub-domains, L is the axial 
length of the machine, 
1
R ( ) / 2m ia irR R  and
2
R ( ) / 2m oa soR R  . 
Finally, the exerted torque to the rotor is obtained as follows: 
out inT T T   (64) 
C. Unbalanced magnetic force 
The total unbalance magnetic force (UMF), can be obtained 
using the Maxwell stress tensor calculated in the inner and outer 
air-gap sub-domains. In this study, it is assumed the rotor has 
no eccentricity and it is perfectly centered in the annular space 
between the two stators. 
ia oa UMF F F  (65) 
where iaF  and oaF  are respectively the vector forces calculated 
in the inner and outer air-gap sub-domains. First, the radial and 
TABLE III GENERAL AND PARTICULAR SOLUTION OF EACH SUB-DOMAIN 
Sub-
region 
 
 
 
m  
General 
solution 
1 1
ˆ ˆ( , ) cos( ) sin( )ˆ ˆ
n nn n
N N
m mm mm m
n nz z pn n
n nia im ia im
r r r r
A r n n Aa cb d
R R R R
  
 
 
         
                                
 (43) 
Particular 
solution 1 2
1
( )cos(n ) ( )sin(n )
N
m
z p n n
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A K r K r 

  
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solution 
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 
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 (45) 
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solution 
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tangential components of the local tractions (N/m2) in the inner 
and outer air-gap sub-domains are calculated using the 
following expressions: 
 2 2
0
) ) , ,
1
( (
2r r
ia oaf B B   
   (66) 
0
1
rf B B
  
 
  (67) 
where 
rB
 and B   are the radial and tangential components of 
the magnetic flux density vector in the inner or outer air-gap 
sub-domains. The radial and tangential components of the local 
tractions are converted to their corresponding x and y 
components as follows: 
cos( ) sin( )x rf f f
  
    (68) 
sin( ) cos( )y rf f f
  
    (69) 
Finally, the x and y components and also the modulus of the 
UMFs in the inner or outer air-gap sub-domains are computed 
as follows: 
( )x xF t L f rd






   (70) 
( )y yF t L f rd






   (71) 
   
2 2
( ) ( ) ( ) ( )( ) ia oa ia oax x y yF t F t F t F tF t     (72) 
D. EMF 
Since the windings are two-layer non-overlapping 
concentrated type, which means each coil is wound around each 
tooth, the flux linked to each coil can be computed by having 
the flux passing through the corresponding tooth. In this 
investigation, the back iron and the teeth are not among the 
active sub-domains and the flux passing through the teeth 
should be obtained indirectly from the magnetic flux of the 
surrounding active sub-domains. Therefore, to calculate the no-
load flux linkage, the magnetic flux due to PMs passing through 
each tooth is calculated from the summation of the flux over 
edges of the tooth, i.e. two edges in the slots, two edges in the 
slot-openings and an edge in the air-gap as depicted in Fig. 8. 
This procedure is mathematically represented as follows:  
1 1
for 1,2,...,
j j j j jtooth s so so soa
af ab bc cd de ef
sj N
          

 (73) 
which leads to the following integration: 
1
1
1
1
1
1
so j
j
j is
ssl j
so jso
j
so soj
is so j
ssl jis
j j
so isj
so so j
s
tooth r r R
R
so ia
r r R
R
R
so s
r r R
R
B rd dz
B drdz B rd dz
B drdz B rd dz
 
 

   
 

  













  

 
  

 
 
 
 
B ds
 (74) 
where  
1,2,..., , ( 1) 0 ( 1)s sj N if j j N        
Having calculated the magnetic flux linkage of each coil, the 
EMF induced in that coil is easily computed using the Faraday  
 
law: 
t t t
d d d d
E N N N
dt d dt d
   

 
       (75) 
where 
tN  is the number of turns per coil and  is the angular 
velocity of the rotor in rad/s. Finally, depending on the coil 
connections in each phase, the phase EMF is obtained. 
E. Inductance 
To compute the self and mutual inductances, the magnetic 
flux due to armature current passing through each coil needs to 
be calculated. The procedure is similar to the magnetic flux 
linkage calculation for the EMF and the only difference is the 
origination of the magnetic flux. For the calculation of per-
phase self-inductance, the coils of that phase are excited by a 
constant current, and the flux linked by all coils of that phase is 
computed. The per-phase self-inductance is calculated by the 
following expression: 
, 1,2,3
j
jj
j
L j
i

    (76) 
where 
j  is the summation of the flux linked by the coils of 
phase j, and ji  is the current injected to phase j. 
The mutual inductances between phases are calculated in a 
similar manner. If the coils of phase j are excited and the flux 
linked by the coils of phase i is obtained, the mutual inductance 
between phases i and j is calculated using the following 
expression: 
, , 1, 2,3 , 1, 2,3iij
j
L i j i j
i

      (77) 
where
i  is the summation of the flux linked by the coils of 
phase i, and ji  is the current of phase j. 
V. RESULTS OF THE FIRST CASE STUDY 
To evaluate the proposed 2-D analytical model, two case 
studies have been investigated. The parameters of the first case 
study have been listed in Table IV. The results of the analytical 
model are compared to those of FEM. 
A. Air-gap magnetic flux density 
Figs. 9 (a)-(d) show the radial and tangential components of 
the magnetic flux density due to both open circuit and armature 
reaction for the presented magnetization patterns, in the middle 
of the inner and outer air-gap sub-domains, where the position  
of the rotor is set to zero.  
Also, the current density values of phase A, B and C, 
according to the injected currents to the phases (78)-(80), at t=0, 
 
Fig. 8. A stator tooth and the integration path for flux linkage calculation. 
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are respectively set to 22.3443 /A mm , 24.9968 /A mm and 
22.6526 /A mm . Consider the following three phase sinusoidal 
armature current.  
0sin(2 )a mi i f t     (78) 
0sin(2 2 / 3 )b mi i f t       (79) 
0sin(2 4 / 3 )c mi i f t       (80) 
where mi  is the maximum value of the current. f is the current 
frequency and 0  is the current initial temporal angle. The 
current density of each phase is obtained as follows: 
, , ,
tN i
J a b c
CSA FF

  

  (81) 
where CSA is the cross sectional area of each coil in two-layer 
windings and is equal to 
 2 2 5 26.05 10
2
os is
s
R R
CSA m
N


 
  
for the first case study and tN  is the number of turns per coil 
and FF is the filling factor. As evident from the figures, the 
analytical and numerical results are in good agreement, which 
shows the accuracy of the proposed 2-D analytical model for 
the case study. 
B. Torque 
Figs. 10 (a)-(c), show respectively the instantaneous torque, 
cogging torque and reluctance torque of the machine with 
different magnetization patterns, both analytically and 
numerically. The results show good agreement and the effects 
of the magnetization patterns on the instantaneous torque and 
torque ripple are illustrated.  As evident from Fig. 10 (a), the 
machine with the radial magnetization pattern has the lowest 
value of the instantaneous torque. The machines with the ideal 
Halbach, two-segment Halbach and parallel magnetization 
patterns develop respectively, 24.04%, 15.05%, and 9.16%, 
more average instantaneous torque compared to the machine 
with the radial magnetization pattern. The type of the 
magnetization pattern has significant effects on the torque 
ripple as evident from Fig 10 (b). The torque ripple is calculated 
by the difference between the maximum and minimum torque 
values divided by the average torque. The percentages of torque 
ripple for the machines equipped with the ideal Halbach, radial, 
parallel and two-segment Halbach magnetization patterns are 
respectively calculated as 2.45%, 9.36%, 9.44% and 10.64%. 
Hence, the lowest torque ripple belongs to the machine with the 
ideal Halbach magnetization pattern and the highest one 
belongs to the two-segment Halbach magnetization pattern 
when 0.5TK   . Fig. 10 (c), shows the reluctance torque 
caused by the rotor saliency. The instantaneous torque results 
obtained from the proposed 2-D analytical model are shown in 
Fig. 10 (d-g) and compared with 3-D linear numerical method 
respectively under the ideal Halbach, two-segment Halbach, 
parallel and radial magnetization patterns where the materials 
in FEM are considered to be linear. As evident from Fig. 10 (d-
g), the relative error between the proposed 2-D analytical model 
and 3-D FEM model is about 8.772% for ideal Halbach, 9.657% 
for two-segment Halbach, 10.06% for the parallel 
magnetization and 9.89% for the radial magnetization patterns. 
The discrepancy may be due to the neglecting of the end effect  
 
and/or mesh size in the 3-D FEM. 
C. Unbalanced magnetic forces, EMF and Inductances 
Fig. 11 (a) shows the no-load phase EMF waveforms 
obtained from the analytical and numerical models. The 
analytical and numerical results of the no-load EMF have 
conformity for presented case study. The maximum induced 
voltage caused by the ideal Halbach magnetization pattern is 
9.138V . This value is  24.56% more than the maximum 
induced voltage  by the radial magnetization pattern which is
7.336V . Also, the two-segment Halbach and parallel 
magnetization patterns respectively induce 15.74% and 9.24% 
more EMF, in comparison with the radial magnetization 
pattern. 
 The self-inductance of the first phase and the mutual-
inductance between the first, and two other phases are 
analytically calculated as shown in Fig. 11 (b) and compared to 
the corresponding results obtained from FEM. Because of the 
rotor saliency, the inductances are functions of the rotor angular 
position. Also the low saliency ratio results in a small variation 
of the inductances. 
The local tractions exerted to the inner and outer surface of 
the rotor, and the unbalanced magnetic forces for the first case 
study by each of the magnetization patterns are depicted in Figs. 
12 and 13. As evident, the value of the local traction for all of 
the magnetization patterns is very high; however, because the 
local traction modulus distribution is diagonally symmetric, as 
depicted in Figs. 12 and 13 (c), (d), (h), (i), the total UMF values 
TABLE IV PARAMETERS OF THE FIRST CASE STUDY 
Parameters Sym. values 
Inner radius of PMs imR  
16 mm 
Inner radius of inner air-gap 
iaR   20 mm 
Inner radius of rotor 
irR   20.8 mm 
Inner radius of outer air-gap oaR   24.8 mm 
Inner radius of slot-opening 
soR   25.6 mm 
Inner radius of stator slots 
isR   28 mm 
Outer radius of stator slots osR   38 mm 
Axial length of motor L  100mm 
Remenance of PMs rB   1.2 T 
Number of inner stator pole-pairs iP   6 
Number of rotor pole-pieces 
rN   10 
Number of stator slots sN   12 
Number of stator pole-pairs sP   4 
Rotor mechanical speed 
r   400rpm 
Maximum value of the current mi   8.4028 A 
Armature current frequency f  66.67Hz  
Initial angle for the armature current 0   152.04  
Number of turns per coil tN   18 
Rotor slot span angle to rotor slot pitch     0.5 
Stator slot span angle to stator slot pitch  

 0.7 
Stator slot-opening span angle to stator slot pitch     0.2 
Permeability of the slots j
s
r  1 
Filling factor of the slot FF 0.5 
Maximum number of harmonics used in sub-regions 
N, K, 
U, V  
150 
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are almost zero and have conformity with the results of FEM. 
 
 
 
 
(a) 
 
(b) 
 
(c) 
 
(d) 
 
Fig. 9.  The components of the magnetic flux density for the first case 
study, for different magnetization patterns in the inner and outer air-gaps 
due to both PMs and armature reaction. (a) Radial and (b) tangential 
components in the middle of inner air-gap. (c) Radial and (d) tangential 
components in the middle of outer air-gap.  
 
 
 
(c) 
                                    
(d)                                                  (e) 
 
(f)                                                  (g) 
Fig. 10.  (a) instantaneous torque (b) cogging torque (c) reluctance torque   
3-D numeric vs. analytic for (d)Halbach magnetization pattern (e)Halbach 2-
seg. magnetization pattern (f)Parallel magnetization pattern (g)Radial   
magnetization pattern for the first case study. 
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VI. RESULTS OF THE SECOND CASE STUDY 
The parameters of the second case study have been listed in 
Table V. It is tried to choose different parameters than the first 
model and cause more saturation to verify the performance of 
the presented model.  The results of the analytical model are 
compared to those of FEM. The winding configuration of the 
second case study is shown in Fig. 14 which creates 4 pole-pairs 
( sP ). 
  
 
(a) 
 
(b) 
Fig. 11.  (a) EMF (b) Inductances for the first case study. 
TABLE V PARAMETERS OF THE SECOND CASE STUDY 
Parameters Sym. values 
Inner radius of PMs 
imR  
21.75 mm 
Inner radius of inner air-gap 
iaR   25.75 mm 
Inner radius of rotor 
irR   26.25 mm 
Inner radius of outer air-gap oaR   30 mm 
Inner radius of slot-opening 
soR   30.5 mm 
Inner radius of stator slots 
isR   31.75 mm 
Outer radius of stator slots osR   42 mm 
Axial length of motor L   25 mm 
Remenance of PMs rB   1.2 T 
Number of inner stator pole-pairs iP   9 
Number of rotor pole-pieces rN   13 
Number of stator slots sN   18 
Number of stator pole-pairs sP   4 
Rotor mechanical speed 
r   400rpm 
Maximum value of the current mi   10.994 A 
Armature winding frequency f  86.667Hz   
Initial shifting for the armature winding 0   40   
Number of turns per coil tN   12 
Rotor slot span angle to rotor slot pitch     0.3 
Stator slot span angle to stator slot pitch  

 0.8 
Stator slot-opening span angle to stator slot 
pitch 
    0.55 
Permeability of the slots j
s
r  1 
Filling factor of the slot FF 0.5 
Maximum number of harmonics used in sub-
regions 
N, K, 
U, V  
150 
 
 
                               (a)                                                    (b) 
 
                             (c)                                                        (d) 
 
        (e) 
 
                             (f)                                                   (g) 
 
                             (h)                                                 (i) 
 
        (j) 
 
 
Fig. 12. (a), (b) local tractions exerted respectively to the inner and outer 
surfaces of the rotor; (c), (d) their modulus; and (e) UMF due to the Ideal 
Halbach magnetization for the first case study.  
(f), (g) local tractions exerted respectively to inner and outer surfaces of the 
rotor; (h), (i) their modulus; and (j) UMF due to the two-seg. Halbach 
magnetization for the first case study.  
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A. Air-gap magnetic flux density 
Figs. 15 (a)-(d) show the radial and tangential components of 
the magnetic flux density due to both open circuit and armature 
reaction for the presented magnetization patterns, in the middle 
of the inner and outer air-gap sub-domains. The initial rotor 
position is set to zero and current density of the phases are set 
to 23.2139 /AJ A mm   , 
21.7101 /BJ A mm   and 
24.924 /CJ A mm . As clear from the figures, the flux density 
distributions have conformity with the numerical results for 
different magnetization patterns. 
B. Torque 
The total instantaneous torque of the second case study, for 
the four presented magnetization patterns have been shown in 
Fig. 16 (a). As it is expected, the ideal Halbach magnetization 
pattern has the best result on the output torque and has 30.4% 
higher output torque in comparison with the radial 
magnetization pattern. Also the two-segment Halbach and 
parallel magnetization pattern of the PMs respectively develop 
20.053% and 7.2% higher output torque in comparison with the 
radial magnetization pattern. It is worth mentioning that the 
cogging and reluctance torques of this case study are miniscule. 
The result of the 3-D linear FEM for the magnetization 
patterns compared with the proposed analytical method as 
shown in Fig. 16 (b)-(e). The relative error between the 
proposed 2-D analytical model and 3-D FEM model is about 
9.1% for ideal Halbach, 10.05% for two-segment Halbach, 
10.16% for parallel and 10.83% for radial magnetization 
pattern. These discrepancies may have two reasons. One is due 
to the 3-D FEM mesh size and the second one is neglecting the 
end effect in the 2-D analytic model. 
C. EMF and inductances 
The EMF of the first phase for the presented magnetization 
patterns has been depicted in Fig. 17. The ideal Halbach 
magnetization pattern outperforms the others in terms of EMF. 
The peak value of the induced voltage for ideal Halbach is 2.964 
 
                          (a)                                                   (b) 
 
                         (c)                                                        (d) 
 
(e) 
 
                           (f)                                                       (g)      
 
                     (h)                                                       (i)    
 
(j)  
 
Fig. 13. (a), (b) local tractions exerted respectively to the inner and outer 
surfaces of the rotor; (c), (d) their modulus; and (e) UMF due to the parallel 
magnetization for the first case study.  
(f), (g) local tractions exerted respectively to inner and outer surfaces of the 
rotor; (h), (i) their modulus; and (j) UMF due to the radial magnetization for 
the first case study.  
 
 
 
Fig. 14. Geometry of the second case study with non-overlapping winding 
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V which is 30% more than of the radial magnetization pattern 
EMF. The peak value of EMF for the two-segment Halbach is 
2.719 V and for the parallel magnetization pattern is 2.395 V.  
The self-inductance of the first phase and the mutual-
inductances between the first phase and the other two phases 
have been depicted in Fig. 18. The analytic and 2-D numeric 
results show good agreement in mutual inductances. The self-
inductance of two method have little discrepancy which may 
refer to the difference of the inductance calculation methods in 
the analytic and FEM model. 
D.  UMF and local tractions 
The analytic results of the unbalanced magnetic force for the 
different magnetization patterns are compared to those obtained 
from the FEM as shown in Fig.19. As evident from the results, 
the values of the UMF for the second case study is greater than 
those of the first case study. It is due to different winding 
configuration and pole combination. 
The local traction and its modulus exerted on the inner and 
outer surface of the rotor, for the four magnetization patterns 
are respectively presented in Figs. 20-23 (a)-(d). The figures 
show the distribution of the modulus local tractions is 
diagonally asymmetric which results in a higher UMF 
compared to the first case study. 
VII. DISCUSSION 
A. Saturation phenomenon 
The average of the instantaneous torque versus the maximum 
values of the armature current density, for the first case study is 
shown in Fig. 24 (a) to investigate the saturation effect on the 
accuracy of the proposed analytical model. In this figure, the 
results of the proposed analytical model are compared with 
those of FEM considering the nonlinear behavior of the iron.  
Figs. 24 (b) and (c), show the magnitude of the flux density in 
different parts of the model, obtained by the numerical method. 
In Fig. 24 (b), the maximum value of the current density is 
25A/mm  in which the system is almost unsaturated. In Fig. 24 
(c), the maximum value of the current density is 215A/mm  in 
which the system is partially saturated. Fig. 24 (a) clearly shows 
that the proposed analytical model remains accurate for large 
values of the armature current density, as the discrepancy 
between the analytic and numeric methods for the instantaneous 
torque, when 
2
max 5A/mm ,J   is about 3%. With increasing 
the current density, the discrepancy increases and reaches 9.9% 
for 2max 15 / .J A mm  
Also the saturation phenomenon of the second case study has 
been investigated in Fig. 25. The average torque versus 
maximum current density of the phases has been depicted in 
Fig. 25 (a). It is evident from Fig. 25 (a), the discrepancy 
between the analytic and numeric method is less than 4.7% for 
maximum current density equal to 25 /A mm . Also by 
increasing the current density, discrepancy between the analytic 
and 2-D non-linear numeric methods increases and the 
maximum difference, which is 18.6%, occurs at
2
max 15 /J A mm . 
It is noteworthy that the maximum size of meshes in the 2-D 
numeric method is 0.1 mm. 
  
 
(a) 
 
(b) 
 
(c) 
 
(d) 
 
Fig. 15.  The components of the magnetic flux density, for different 
magnetization patterns in the inner and outer air-gaps due to both PMs and 
armature reaction for the second case study. 
(a) Radial and (b) tangential components in the middle of inner air-gap. 
(c) Radial and (d) tangential components in the middle of outer air-gap.  
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B. Effect of the rotor slot ratio 
To investigate the influence of the rotor slot ratio,    as 
expressed in (6), on the average of the instantaneous torque and 
torque ripple, this value is changed for different magnetization 
patterns and the results have been shown in Fig. 26 (a)-(d) for 
the first case study. According to these results, the best rotor 
slot ratio which results in the maximum average torque for all 
presented magnetization patterns is 0.3, while the minimum 
value of the torque ripple occurs when 0.6  .  
C. Effect of the stator slot-opening ratio 
The effect of the stator slot-opening ratio,   , on the average  
torque and torque ripple is shown in Fig. 27 for different 
magnetization patterns on the first case study. It is evident that 
the slot-opening ratio of 0.4, not only enhances the average 
torque, but also, decreases the torque ripple. 
D. Effect of the segment ratio in two-segment Halbach 
magnetization pattern 
In the two-segment Halbach magnetization pattern, there is a 
flexibility to change the ratio of the width of segments to 
enhance the performance of the machine. Fig. 28 shows the 
average torque and torque ripple versus the ratio of the middle 
part of the two-segment Halbach PM for the first case study. 
According to the results, the segment ratio of 0.8 (middle part 
equal to 0.8 and each side part equal to 0.1), simultaneously 
maximizes the average torque and minimizes the torque ripple.  
E. Execution time 
The computation for the 2-D analytical model, 2-D and 3-D 
FEM for the first case study, carried out by a computer with 
CPU i7 4GHz, 32 GB of RAM. The execution time has been 
calculated for just one rotor position. It is noteworthy that the 
number of harmonics in all sub-domains is selected according 
to Table IV. Also the minimum lengths of mesh elements in 2-
D and 3-D numeric methods are respectively set to 0.1mm and 
3mm. 
The execution times are tabulated in Table VI. It is clear that 
the analytical model is 14 times faster than 2-D FEM and 94.15 
times faster than 3-D FEM.  
 
F. Pros and cons 
From the view point of computational speed, the proposed 2-
D analytical model is among the best options for preliminary 
optimization problems, where thousands of iterations are 
required.  
Although the proposed model has limitation to incorporate 
the saturation effect, it is possible to indirectly calculate the 
magnetic flux of the non-active subdomains (ferromagnetic 
parts), similar to the EMF calculation procedure, and 
approximately check the level of saturation in various parts of 
the machine using the proposed 2-D analytical model.  
 
 
 
 
TABLE VI 
EXECUTION TIME OF USED METHODS 
Methods 2-D analytic 2-D numeric 3-D numeric 
Execution time 20 s 280 s 1883 s 
 
 
(a) 
         
(b)                                           (c) 
 
(d)                                                  (e) 
Fig. 16. instantaneous torque (a) for different magnetization patterns. 
Comparison of 2-D analytic and 3-D FEM for (b) ideal Halbach (c) two-seg. 
Halbach (d) Parallel and (e) Radial magnetization patterns for the second case 
stydy. 
 
 
Fig. 17. EMF of the second case study for different magnetization patterns. 
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VIII. CONCLUSION 
In this paper, a 2-D analytical magnetic model is presented for 
flux-reversal partitioned stator machines with four types of the 
magnetization patterns having inner surface mounted PMs. The 
magnetic flux density distribution is analytically computed in 
active sub-domains, which consist of the PM inner stator, inner 
and outer air-gaps, rotor slots, stator slots and stator slot-
openings. Based on the computed magnetic flux density, the 
crucial quantities of the machine such as the mutual torque, 
cogging torque, unbalanced magnetic force, EMF, and 
inductances are calculated while different magnetization 
patterns are considered. Results of the analytical model have 
been compared to those obtained from 2-D and 3-D FEM. The 
analytical and 2-D numerical results have good conformity for 
the presented case studies. The machine with the ideal Halbach 
and two-segment Halbach magnetization patterns enhances the 
instantaneous torque and decreases the torque ripple, compared 
to those with the radial and parallel magnetization patterns. To 
show the saturation phenomena, the model under different load 
conditions has been investigated and the results indicate the 
model has acceptable accuracy even when the system is 
partially saturated. Also, the investigation of some parameters 
such as the rotor slot ratio, stator slot-opening ratio, the segment 
ratio of the two-segment magnetization pattern on the 
instantaneous torque and torque ripple shows that the design 
parameters can be adjusted to increase the instantaneous torque, 
while decreasing the cogging torque. Finally, the execution 
times, advantages and disadvantages of the presented analytical 
model have been compared with the numerical models. 
 
 
 
 
 
 
 
 
Fig. 18. Self and mutual inductances of the second case study. 
 
 
Fig. 19. UMF of the second case study due to the different magnetization 
patterns. 
 
(a)                                                            (b) 
 
  
 
 
Fig. 20. (a), (b) local tractions exerted respectively to the inner and outer 
surfaces of the rotor for the second case study; (c), (d) their modulus for the 
Ideal Halbach magnetization pattern.  
 
 
(a)                                                            (b) 
 
  
(c)                                                         (d) 
 
Fig. 21. (a), (b) local tractions exerted respectively to the inner and outer 
surfaces of the rotor for the second case study; (c), (d) their modulus for the two-
segment Halbach magnetization pattern. 
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(a)                                                            (b) 
 
(c)                                                         (d) 
 
Fig. 22. (a), (b) local tractions exerted respectively to the inner and outer 
surfaces of the rotor for the second case study; (c), (d) their modulus for the 
parallel magnetization pattern.   
 
 
 
(a)                                                            (b) 
 
(c)                                                         (d) 
 
Fig. 23. (a), (b) local tractions exerted respectively to the inner and outer 
surfaces of the rotor for the second case study; (c), (d) their modulus for the 
radial magnetization pattern. 
 
(a) 
  
 
(b)           (c) 
Fig. 24.  (a) instantaneous torque vs. maximum value of current density with the 
radial magnetization pattern (b) magnitude of the flux density for Jmax =5 A/mm2 
& (c) for Jmax =15 A/mm2. 
 
(a) 
 
    
 
(b)           (c) 
Fig. 25.  (a) instantaneous torque vs. maximum value of current density with 
the radial magnetization pattern (b) magnitude of the flux density for Jmax =5 
A/mm2 & (c) for Jrms =15 A/mm2 with the radial magnetization pattern. 
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(a) 
 
(b) 
 
 
(c) 
 
(d) 
Fig. 26.  Effect of the rotor slot ratio on the average torque and torque ripple in the 
first case study for (a) Ideal Halbach (b) Two-segment (c) Parallel (d) Radial 
 
(a) 
 
(b) 
 
(c) 
 
(d) 
Fig. 27. Effect of the stator slot-opening ratio on the average torque and 
torque ripple in the first case study for (a) Ideal Halbach (b) Two-segment (c) 
Parallel (d) Radial  
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From boundary condition (16) the following equations are obtained 
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From (17) the following equations are deduced. 
00 0
1 1
1 ˆ ˆˆ ˆln( ) cos( ) sin( )
ri
r r
ri
n n
i i ia ia ia ia iaia ia
ir n n n n
is isn n
R R
a b R a a b n c d n d
R R
 

  


 
 
       
            
           
 
    
(88) 
0
1 1
2ˆ ˆ ˆˆ ˆ ˆcos( ) sin( ) cos ( )
ri
i i
i
ri
k
n nN N
r r ia ia ia ia iaia iair
n n n n rk k
oa ir irn n
R RR k
a b a a b n c d n d
R R R
  



    
 

 
           
                 
               
 
 
(89) 
 Implementing (18) the following equations: 
0
1 1 1
1ˆ ˆˆ ˆ cos ( ) cos( )
ri r ri
i i
i
ri
k
n N Nr K
r ria ia ia oa
n n rk k
ir ir ir ir ir ir iri i k
bR Rn n k k k
a b a b n d
R R R R R R R
 


  
   
   

  
  
       
           
      
  
 
     
(90) 
0
1 1 1
1ˆ ˆˆ ˆ cos ( ) sin( )
ri r ri
i i
i
ri
k
n N Nr K
r ria ia ia oa
n n rk k
ir ir ir ir ir ir iri i k
bR Rn n k k k
c d a b n d
R R R R R R R
 


  
   
   

  
  
       
           
      
  
 
 
(91) 
 
> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 
20 
 
Imposing boundary condition (19) yields the following expressions: 
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Imposing boundary condition (20) yields the following equations: 
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Imposing boundary condition (21) yields the following equations: 
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Imposing boundary condition (22), the following equations are obtained: 
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Imposing boundary condition (23) results in: 
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Imposing boundary conditions (24) results in: 
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Imposing boundary condition (25) results in: 
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And from (55):  
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By rewriting (82) – (106) in a matrix and vector form, a set of linear simultaneous algebraic equations with the same number of unknown 
variables, must be solved. 
  
 
